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Abstract
The paper deals with the effect of grain crushing on shear localization in granular materials
in an infinite long narrow granular strip under constant vertical pressure. The calculations
were carried out with an enhanced micro-polar hypoplastic constitutive model which is able
to describe the salient properties of crushable granular bodies including shear localization.
The change of the mean grain diameter with varying pressure was taken into account with
the help of formulae from breakage mechanics. The effect of pressure and initial void ratio
on shear localization was studied.
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1. Introduction

Grain crushing is one of the phenomena which may strongly influence the
stress-strain behaviour of granular bodies. It occurs under compression or shear
when the energy available is sufficient to overcome the resistance of the material
(indentation strength, abrasive hardness or tensile strength) (Miura and O’Hara
1979, Hardin 1985, Turcotte 1986). Since it is an inherent characteristics of these
deformation processes, it should be taken into account in constitutive modelling. It
is particularly important when describing shear localization since the thickness of
shear zones depends, among others, on the mean grain diameter, which diminishes
during particle crushing.

The phenomenon of particle degradation was experimentally investigated by
Nakata et al (2001) during one-dimensional compression, Indraratna and Salim
(2002) during triaxial compression, Coop et al (2004) in a ring shear apparatus and
Arslan et al (2009) in a direct shear test.

The experimental results show that particle breakage influences the stress-strain
behaviour. It increases with increasing grain brittleness and confining pressure.
It is affected by grain angularity, grain size distribution, grain diameter, particle



4 J. Tejchman

strength, porosity, uniformity of gradation, stress level and anisotropy. It also rises
with increasing shear strain at a decreasing rate. It is accompanied by volumetric
compression and occurs even at low confining stresses, but in lower rates. Due to
crushing, the dilatative behaviour of granulates is suppressed. Larger particles are
more vulnerable to degradation in terms of their strength but more resistive, for
they tend to be more cushioned (McDowell et al 1996). The particle breakage is
greater for uniformly graded than for well-graded granulates. A constant grading
is reached at very large strains only. The initial grain size distribution gsd tends
to evolve towards an ultimate fractal distribution (Hardin 1985). Due to particle
breakage, the critical state line changes (Yamamuro and Lade 1998). In turn, the
mobilized residual strength is not affected by breakage. The particle breakage is
usually stronger in the shear zone than outside it.

Grain crushability has been studied theoretically by a number of researchers
(e.g. Indraratna and Salim (2002) and by Einav (2007a)) using a continuum ap-
proach and by e.g. Cheng et al (2003), Marketos and Bolton (2007) and Vallejo and
Lobo-Guerrero (2009) using a discrete element model DEM. Of particular interest
to the current paper is the formulation of the breakage mechanics theory (Einav
2007a, 2007b, 2007c, Einav and Valdes 2008), which is capable of explaining the
above properties of behaviour through energy considerations.

The intention of the paper is to explore the effect of grain crushing, expressed
by a change of the mean grain diameter, on shear localization in granular materials,
during quasi-static shearing of an infinite long narrow granular strip under different
vertical pressures. The calculations were carried out with a hypoplastic continuum
constitutive model enhanced by a varying mean grain diameter. This enhanced
model is able to capture the salient properties of granular bodies, including shear
localization and crushing. The change of the mean grain diameter with varying
pressure ratio was taken into account with the help of formulae from breakage
mechanics proposed by Einav (2007a, 2007b) and Einav and Valdes (2008). In
addition, the effect of initial void ratio on particle breakage was taken into ac-
count. The effect of grain crushing on shear localization has not been numerically
investigated yet.

2. Micro-Polar Hypoplastic Constitutive Model without Particle Breakage

Despite the discrete nature of granular materials, the mechanical behaviour of con-
fined configurations in the quasi-static regime can be reasonably described by the
principles of continuum mechanics. Non-polar hypoplastic constitutive models have
been developed at Karlsruhe University (Gudehus 1996, Bauer 1996), where the
stress rate tensor is assured to depend on stress, strain rate and void ratio via
isotropic non-linear tensorial functions based on the representation theorem. The
constitutive models were formulated by a heuristic process considering the essential
mechanical properties of granular materials undergoing homogeneous deformation.
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A striking feature of hypoplasticity is that the constitutive equation is incrementally
nonlinear in deformation rate. The hypoplastic models are capable of describing
some salient properties of granular materials, e.g. non-linear stress-strain relation-
ship, dilatant and contractant volumetric change, stress level dependence, density
dependence and strain softening. A further feature of hypoplastic models is the
inclusion of the critical states, i.e. states in which a grain aggregate can deform
continuously at constant stress and volume (void ratio). Moreover, both the coax-
iality (coincidence of the direction of the principal stresses and principal plastic
strain increments) and stress-dilatancy rule are not assumed a priori (Tejchman and
Wu 2009). In contrast to elasto-plastic models, a decomposition of deformation into
elastic and plastic parts, the formulation of a yield surface, plastic potential, flow
rule and hardening rule are not needed. In spite of the fact that the failure surface
and flow rule are not prescribed in hypoplasticity, they emerge as by-products (Wu
and Niemunis 1996). The hallmarks of these models are their simple formulation
and procedure for determining material parameters with standard laboratory ex-
periments. The material parameters can be related to the granulometric properties
of granular materials, such as grain size distribution curve, shape, angularity and
hardness of grains (Herle and Gudehus 1999). A further advantage lies in the fact
that one single set of material parameters is valid for a wide range of pressures and
densities.

Hypoplastic constitutive models without a characteristic length cannot describe
the scale effects associated with shear zones, such as thickness and spacing of shear
zones. A characteristic length can be introduced into hypoplasticity by means of
either the micro-polar, or non-local or second-gradient theory (Tejchman 2004).
In this paper, a micro-polar theory is adopted. A micro-polar model makes use
of rotations and couple stresses, which have clear physical meaning for granular
materials. First, the rotations and couple stresses can be observed during shear-
ing and remain negligible during homogeneous deformation (Oda 1993). Second,
Pasternak and Mühlhaus (2001) have demonstrated that the additional rotational
degree of freedom of a micro-polar continuum arises naturally by mathematical
homogenization of an originally discrete system of spherical grains with contact
forces and contact moments.

A micro-polar continuum considers the deformation at two different levels:
micro-rotation at the particle level and macro-deformation at the structural level
(Schäfer 1962). For the case of plane strain, each material point has three degrees
of freedom: two translations ui and one independent rotation ωc (Fig. 1a). The
gradients of the rotation are related to the curvatures, which are associated with the
couple stresses through constitutive equations (Fig. 1b). The presence of the couple
stresses gives rise to a non-symmetric stress tensor and a characteristic length.

The summary of the micro-polar hypoplatic constitutive law (Tejchman and
Gudehus 2001, Tejchman 2004, Tejchman and Wu 2007, 2009) for plane strain is
given in the Appendix. The changes of the values of ei, ed and ec decrease with
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Fig. 1. Plane strain static Cosserat continuum (without body forces and moment): a) degrees
of freedom (u1 – horizontal displacement, u2 – vertical displacement, ωc – Cosserat rotation),

b) stresses σi j and couple stresses mi at an element

the pressure σkk according to the exponential functions (Eqs. 57–59 in Appendix)
(Bauer 1996). In general, the above constitutive model requires the following ten
material parameters: ei0, ed0, ec0, φc, hs, β, n, α, ac and d50. The calibration proce-
dure for the non-polar model and the material parameters for different sands were
given by Bauer (1996), and Herle and Gudehus (1999). The parameters hs and n
can be estimated from a single oedometric compression test with an initially loose
specimen (hs reflects the slope of the curve in a semi-logarithmic representation,
and n its curvature). The parameters α and β can be determined from a triaxial
or plane strain test with a dense specimen. The critical friction angle φc can be
determined from the angle of repose or measured in a triaxial test with a loose
specimen. The parameters of ei0, ed0, ec0 and d50 are obtained from conventional in-
dex tests (ec0 ≈ emax, ed0 ≈ emin, ei0 ≈ (1.1 − 1.5)emax). The FE-analyses were carried
out with the following material constants for so-called “Karlsruhe” sand (d50 = 0.5
mm): ei0 = 1.30, ed0 = 0.51, ec0 = 0.82, φc = 30◦, hs = 190.0 MPa, β = 1, n = 0.50,
α = 0.30 and ac = a−1

1 . It is important to note that these material parameters were
determined in laboratory tests with grain crushing.

3. Grain Crushing

The degree of grain size reduction is quantified by introducing fundamental formu-
lae from breakage mechanics (Einav 2007a, 2007b, Einav and Valdes 2008), i.e.
a constitutive theory that couples stresses, strains and the evolving property of the
grain size distribution gsd (one of the main properties influencing the constitutive
behaviour of granular bodies). Breakage mechanics theory can be used as an in-
dependent constitutive modelling framework which is consistent with the laws of
thermodynamics (Einav 2007a). Contrasted to the hypoplastic modelling framework,
the thermodynamics of rate-independent dissipative materials entail definitions of
yield functions and flow rules. Within the yield surface, the behaviour is elastic.
The yield function and flow rule are activated upon yielding, which is directly
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connected to hypothesized energy balanced. The energy balance postulate (Einav
2007b) enables one to describe how the grain size distribution gsd evolves via the
property of breakage as a thermodynamics internal variable. The evolution law for
an average grain size developed within breakage mechanics was simply put into
a micro-polar hypoplastic model to learn about grain size reduction in the infinite
shear layer subjected to shearing under constant vertical pressure.

It is assumed in breakage mechanics that the current gsd can be scaled from the
initial and ultimate gsd via the breakage internal variable B, which can be measured
at any time of testing, effectively by unloading the sample and subsequently sieving
the particles. It denotes the ratio of the areas entrapped between the current, initial
and ultimate gsd on the cumulative semi-logarithmic scale (Fig. 2a).

The energy potential ψ and dissipation potential Φ are assumed to take the
following form in breakage mechanics, by assuming linear elasticity within the
yield surface (Einav 2007a, 2007b, 2007c):

Ψ =
1
2

(1 − ϑB)Kεe2
v + 3Gεe2

s , (1)

Φ =

√
Φ2

B + Φ
v2
p + Φ

s2
P , (2)

where K denotes the bulk modulus, G is the shear modulus, εe
v is the elastic vol-

umetric strain and εe
s denotes the elastic shear strain. The parameter ϑ denotes

a grading index in terms of the proximity of the initial gsd to the ultimate one.
The definition of the grading index is the product of statistical homogenization that
accounts for the scaling of the specific strain energy at the different particles as
a function of their size. It takes the form

ϑ = 1 −

〈
d2

〉
u〈

d2
〉

0

, (3)

where d represents the grain size, and
〈
d2

〉
u

and
〈
d2

〉
0

denote the second order
moments of the ultimate and initial gsd functions, respectively.

The breakage scalar variable B weighs a relative distance of the current gsd
p(x) from the initial and ultimate gsd′s p0(x) and pu(x) (Fig. 2a)

p(x) = p0(x)(1 − B) + pu(x)B. (4)

The term 1 − ϑB in Eq. 1 is similar to the term (1-D) in damage mechanics
(D – damage variable). The parameter B = 0 denotes unbroken material and B = 1
represents complete breakage. The dissipation potential Φ (being combination of
plastic and breakage components) comprises three parts corresponding to breakage
dissipation ΦB, plastic volumetric dissipation Φvp and plastic shear dissipation Φs

p
(of the Coulomb type), respectively (Einav 2007b):
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Fig. 2. Breakage mechanics: a) definition of breakage, b) breakage propagation criterion
(dm – minimum grain diameter, dM – maximum grain diameter) (Einav 2007c)
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ΦB =
EB

cosω
δB =

√
EBEc

(1 − B) cosω
δB, (5)

Φvp =
p

sinω
δε

p
v =

p
(1 − B) sinω

√
Ec

EB
δε

p
v , (6)

Φs
p = q

∣∣∣δεp
s

∣∣∣ = M p
∣∣∣δεp

s

∣∣∣ (7)

with

M =
6 sin φ

3 − sin φ
, (8)

EB =
Ec

(1 − B)2 , (9)

where ω – the plastic-breakage coupling angle necessary to link grain crushing
and plastic volumetric deformation, M – the ratio between the second deviatoric

stress invariant q
(
q =

√
3
2si jsi j

)
and mean pressure pp = σii/3 at material failure,

φ – the internal friction angle at failure calculated with principal stresses, si j –
the stress deviator (δ – increment). The parameter EB denotes the non-negative
breakage energy describing the total stored energy that is released from the system
during the fracturing from the beginning state of the initial particle distribution
to the final state of the ultimate grain size distribution. The critical energy Ec is
related to the crushing pressure in isotropic compression

Ec =
p2

cϑ

2K
. (10)

In turn, the parameter E∗B is the residual breakage energy, i.e. energy reserved
in the system for breaking the particles at any given moment, i.e. from the current
state to the ultimate state. Between the two energies is the relationship

EB =
E∗B

1 − B
. (11)

The incremental reduction in the residual breakage energy becomes

δE∗B = EBδB = ΦB. (12)

Thus, the breakage dissipation ΦB is linked to the area change of the grain size
distribution from moving the current distribution function to a new position (Fig.
2b). Equation 12 indicates that energy dissipation from breakage is equivalent to
the loss in residual breakage energy. Equation 9 was derived on the basis of the
postulated breakage yielding criterion y and by considering Eq. 11
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y = E∗B(1 − B) − Ec = EB(1 − B)2 − Ec ≤ 0. (13)

The stresses p and q and breakage energy EB become (with the aid of Eq. 1):

p =
∂Ψ

∂εe
v

= (1 − ϑB)Kεe
v , (14)

q =
∂Ψ

∂εe
s
= 3(1 − ϑB)Gεe

s , (15)

EB = −
∂Ψ

∂B
=
ϑ

2

(
Kεe2

s + 3Gεe2
s

)
. (16)

In a similar way, the dissipative stresses
(
−
p,
−
q
)

and dissipative breakage energy
−

EB are obtained from the dissipation potential (Eq. 2):

−
p =

∂Φ

∂δεe
v

=
∂Φ

∂Φvp

∂Φvp

∂δεe
v

=
Φvp√

Φ2
B + Φ

v2
p + Φ

s2
p

∂Φvp

∂δεe
v

, (17)

−
q =

∂Φ

∂δεe
s
=

∂Φ

∂Φs
p

∂Φs
p

∂δεe
s
=

Φs
p√

Φ2
B + Φ

v2
p + Φ

s2
p

∂Φs
p

∂δεe
s
, (18)

−

EB =
∂Φ

∂δB
=

∂Φ

∂ΦB

∂ΦB

∂δεB
=

ΦB√
Φ2

B + Φ
v2
p + Φ

s2
p

∂ΦB

∂δεB
. (19)

The yield function y∗ in generalized stress space is formulated in the following
form

y∗ =


−

EB

∂ΦB

∂δB


2

+


−
p

∂Φvp

∂δε
p
v


2

+


−
q
∂Φs

p

∂δε
p
s


2

− 1 ≤ 0. (20)

The following flow rules are obtained from Eq. 20 with the help of Eqs. (5–7)
(δλ is a non-negative multiplier):

∂B = δλ
∂y

∂
−

EB

= 2δλ
−

EB(1 − B)2 cos2 ω

EBEc
, (21)
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∂ε
p
v = δλ

∂y

∂
−
p
= 2δλ

−
pEB(1 − B)2 sin2 ω

p2Ec
, (22)

∂ε
p
s = δλ

∂y

∂
−
q
= 2δλ

−
q

M2 p2 . (23)

Using the orthogonality condition
(
p =

−
p, q =

−
q, EB =

−

EB

)
, the flow rules be-

come:

∂B = 2δλ
(1 − B)2 cos2 ω

Ec
, (24)

∂ε
p
v = 2δλ

EB(1 − B)2 sin2 ω

pEc
, (25)

∂ε
p
s = 2δλ

q
M2 p2 . (26)

The breakage/yield function denoted as y in mixed stress-energy space can be
rewritten (with the aid of Eqs. (20–23)) as

y =
EB (1 − B)2

Ec
+

(
q

M p

)2

− 1 ≤ 0. (27)

Using Eqs. 14 and 15, the breakage energy in Eq. 16 is

EB =
ϑ

2 (1 − ϑB)2

(
p2

K
+

q2

3G

)
. (28)

Thus, the breakage/yield function has the following form on the basis of Eq. 28

y =
ϑ

2Ec

(
p2

K
+

q2

3G

) (
1 − B

1 − ϑB

)2

+

(
q

M p

)2

− 1 ≤ 0. (29)

The elastic moduli Kand G are assumed to be inversely proportional to porosity
n (n = e/(1+e), e – void ratio)

K =
K∗

n
and G =

G∗

n
. (30)

During a breakage process (y = 0), the breakage variable B can be expressed as

B =
1 − f (p, q, n)

1 − ϑ f (p, q, n)
, (31)
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where the breakage/yield function f (p, q, n) is equal to

f (p, q, n) =

√√√√√√√
2Ec

nϑ
×

3G∗K∗
1 − (

q
M p

)2
3G∗p2 + K∗q2 = pc

√√√√√√√√√√√√√1
n
×

1 − (
q

M p

)2
p2 +

2(1 + ν)
9(1 − 2ν)

q2
, (32)

with ν as the Poisson’s ratio and pc described by Eq. 10.
The average particle size can be approximately defined as d50 with the help of

Eq. 4

d50 = (1 − B)d0
50 + Bdu

50, (33)

where du
50 is the ultimate mean grain diameter calculated under the assumption that

the grain size distribution tends to be fractal (Hardin 1985, McDowell and Bolton
1998) and d0

50 denotes the initial mean grain diameter. Inserting Eq. 31 into Eq. 33,
the change of the mean grain diameter d50 during deformation is calculated as

d50 = d0
50

f
1 − ϑ f

+ du
50

1 − f
1 − ϑ f

= du
50

1 + f [((1 − ϑ)Rd − 1)]
1 − ϑ f

(34)

with the breakage/yield function f by Eq. 32 and

Rd =
d0

50

du
50
, (35)

du
50 =

3 − γ
4 − γ

dM , (36)

d0
50 =

2
3

d3
M − d3

m

d2
M − d2

m
, (37)

where dm denotes the minimum initial grain diameter, dM is the maximum initial
grain diameter, γ stands for the fractal coefficient (taken usually between 2.5–2.8),
and Rd represents the absolute mean grain size reduction from the initial to ultimate
gsd. Equation 36 is calculated as the first order moment of the fractal grain size
distribution pu(d)

pu(d) =
(3 − γ)

dM

(
d

dM

)2−γ

. (38)

obtained by differentiating the ultimate grain size cumulative function proposed by
Turcotte (1986)
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Fu (d) =
(

d
dM

)3−γ

. (39)

In turn, Eq. 37 is calculated as the first order moment of the initial grain size
distribution p0(d) (one assumes that the initial gsd is uniform in mass)

p0(d) = 2
d

d2
M − d2

m
. (40)

Equations 32–37 are based directly on results from breakage mechanics. This
theory, however, implies the existence of a yield surface, within which grain size
reduction is not expected. Also, the process of breakage implies yielding. On the
other hand, hypoplasticity avoids the notion of yield. Therefore, the function f (Eq.
32) requires adjustment, which will enable to consider continuous fabric changes.
Here, a simple solution is given by introducing the function fd ≡ fd(e) (Eq. 56),
which, through the relative void ratio, weighs the material proximity to its critical
(residual) state

f = c

√√√√√√√√√√√√√(
1 + e

e

) 
1 −

(
fdq
M p

)2

p2 +
2(1 + ν)
9(1 − 2ν)

q2

 with fd ≡ fd(e) =
(

e − ed

ec − ed

)α
. (41)

The critical (residual) state implies that e = ec, q = M p, fd = 1, and therefore
f = 0, at which stage the grain size attains its ultimate state finest value du

50. These
properties of the modified Eq. 41 provide quite a robust procedure to be included
in hypoplasticity, which retains some of the theoretical advantages of breakage me-
chanics. The only remaining element to satisfy is that the grain size will constantly
continue to decrease. This is guaranteed simply by continuously tracking the grain
size measured using Eq. 34, while avoiding modifications to the grain size if the
equation implies increasing grain sizes.

The calculations were performed with the minimum initial grain diameter dm =

0.08 mm and the maximum initial grain diameter dM = 0.80 mm. Thus, the initial
mean grain diameter of sand was d0

50 = 0.5 mm (Eq. 37) (as for Karlsruhe sand) and
the ultimate mean grain diameter after breakage was du

50 = 0.23 mm (Eq. 36). Other
model parameters were assumed according to Einav and Valdes (2008): α = 2.6,
ϑ = 0.85 and pc = 1900 kPa. The Poisson’s ratio was assumed to be ν = 0.3.

4. FE Input Data

The quasi-static plane strain FE-calculations were performed for an infinitely long
and narrow granular strip of the height of h0 = 10 mm (h0 = 20 × d0

50) between
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Fig. 3. FE mesh used for calculations: height 10 mm, width 100 mm (different scale is used
in vertical and horizontal direction)

two rigid very rough walls under constant vertical pressure and conditions of free
dilatancy. The study was performed with only one element column with a width
of b = 100 mm, consisting of 20 quadrilateral horizontal elements, each composed
of four diagonally crossed triangles (Fig. 3). In total, 80 triangular elements were
used. The height of the finite elements he = d0

50 = 2 × du
50 was always smaller than

he ≤ 5 × d0
50 and he ≤ 5 × du

50 to obtain mesh-independent results (Tejchman 1989,
Tejchman and Bauer 1996). To check the mesh-insensitivity, one comparative FE
calculation was also carried out with one element column consisting of 40 quadri-
lateral horizontal elements, each composed of four diagonally crossed triangles
(with he = 0.5 × d0

50). The behaviour of an infinite shear layer was modelled by
lateral periodic boundary conditions, i.e. displacements and rotations along both
sides of the column were the same (i.e. constrained by the same amount). Conse-
quently, the evolution of the state variables was independent of the layer length.
The integration was performed with three sampling points placed in the middle of
each element side. Linear shape functions were used for displacements and for the
Cosserat rotation (Tejchman 1989). The calculations were carried out with large
deformations and curvatures using the so-called “updated Lagrangian” formulation
by taking into account the Jaumann stress rate and Jaumann couple stress rate and
the actual geometry and area of finite elements.

In hypoplasticity, an initial stress state is needed, since the stress rates de-
pend on the stresses (Eqs. 45 and 46). The following insignificant initial stress
state was assumed in the granular layer: σ0

22 = 1.0 kPa and σ0
11 = σ

0
33 = 0.45 kPa

σ0
11/σ

0
22 = K0 = 0.45. Gravity was neglected. The initial void ratio of dense sand e0

(e0 = 0.60) or loose sand (e0 = 1.0) was assumed to be homogeneous in the entire
specimen. The dense sand specimen was subject to shearing with free dilatancy
under constant vertical pressure of pv = 500 kPa, pv = 2000 kPa or pv = 5000 kPa,
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respectively. Shear deformation was initiated through constant horizontal displace-
ment increments (directed to the left), prescribed only at the nodes along the top of
the strip. The displacement increments were chosen as ∆u/h = 0.000025. Thus, the
three successive calculation phases could be distinguished: first, the initial stress
state was prescribed in the granular specimen, second, constant vertical pressure was
prescribed to the layer, and third, the layer was subjected to monotonic shearing.

The walls were assumed to be very rough (neither sliding nor rotation). The
boundary conditions along the bottom were: u1 = 0, u2 = 0 and ωc = 0, and along
the top boundary: u1 = n∆u, ωc = 0, and σ22 = pv (the parameter n denotes the
number of time steps and ∆u is the constant displacement increment in one step).The
lack of both rotation and slip along very rough walls was confirmed in several wall
friction experiments (Uesugi 1987, Tejchman 1989, Löffelmann 1989, Tejchman
and Wu 1995).

For the solution of the non-linear equation system, a modified Newton-Raphson
scheme with line search is used. The global stiffness matrix was calculated with
the first two terms of the constitutive equations, which are linear in dc

kl and kd50 in
Eqs. 50 and 51. To accelerate the calculations, the initial increments of displacement
and Cosserat rotation during shearing were assumed to be equal to the converged
incremental nodal displacement and rotation from the previous step. Due to the
presence of the non-linear terms in the constitutive equation, this procedure turned
out to be more efficient than the full Newton-Raphson method, where convergence
problems occurred in the softening regime. The iteration steps were performed using
translational and rotational convergence criteria. For time integration of stresses and
couple stresses in single finite elements within micro-polar hypoplasticity, a simple
one-step Euler forward scheme was applied (Tejchman 1989). The effect of the
integration scheme on results was found to be insignificant.

5. FE Results

Figure 4 shows the evolution of the stress components σi j in the middle of the
granular strip of initially dense sand (e0 = 0.60) with the normalized horizontal
displacement at the top ut

1/h0 (h0 = 10 mm – layer height) and with grain crushing
(pv = 2000 kPa). In turn, Figure 5 presents the effect of grain crushing on the
evolution of the mobilized wall friction angle (φ = arctan σ12/σ22) versus the shear
deformation ut

1/h0 (pv = 2000 kPa). The distribution of the Cosserat rotation ωc

(the positive Cosserat rotation (+ ωc) is directed counterclockwise, Fig. 1) and void
ratio e along the layer height at the residual state are demonstrated in Fig. 6. In
addition, the distribution of normal stresses after prescribing vertical pressure (but
before shearing), and distribution of stresses σi j and vertical couple stress m2 along
the layer height after monotonic shearing at the residual state is shown in Fig. 7.
The evolution of the mean grain diameter across the granular strip during shearing
and its distribution across the layer at the residual state is shown in Fig. 8. Finally,
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Fig. 4. Shearing of initially dense sand (e0 = 0.60, pv = 2000 kPa) between two very rough
boundaries: evolution of stresses at the mid-point versus shear deformation ut

1/h0

Fig. 5. Shearing of initially dense sand (e0 = 0.60, pv = 2000 kPa) between two very rough
boundaries: evolution of wall friction angle (ϕw = arctan σ12/σ22) versus shear deformation

ut
1/h0: a) without grain crushing, b) with grain crushing (Eqs. 29–32)

the effect of the mesh size on the distribution of the Cosserat rotation is shown
(Fig. 9).

Before shearing, the normal stress ratio is about σ11/σ22 = 0.6 with σ22 = pv =
2000 kPa (Fig. 6a). The material is subjected to densification due to compressive
pressure pv (from e0 = 0.60 down to e0 = 0.52). During monotonic shearing (as
can be seen from Fig. 4), the normal stress σ22 always remains constant (σ22 =

pv = 2000 kPa). The remaining normal stresses σ11 and σ33 are initially smaller
than σ22, increase sharply to about 2500–2600 kPa at the displacement of about
ut

1/h0 ≈ 0.2 and decrease gradually with increasing displacement to approach the
normal stress σ22. The stress tensor becomes non-symmetric (σ12 , σ21) after the
peak. All normal stress ratios are equal to almost 1 at the residual state. The stresses
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Fig. 6. Shearing of initially dense sand (e0 = 0.60, pv = 2000 kPa) between two very rough
boundaries: distribution of Cosserat rotation ωc and void ratio e across the layer height x2
at residual state at ut

1/h0 = 1: a) without grain crushing, b) with grain crushing (Eqs. 29–32)

and wall friction angle tend to their asymptotic values (Figs. 4 and 5). The mobilized
wall friction angle is φw = 40◦ at peak and φw = 30.5◦ at the residual state in the
case of FE studies without grain crushing and φw = 40◦ (at peak) and φw = 30◦

(at the residual state) with grain crushing (Fig. 5). The obtained friction angles
at peak and at the residual state are qualitatively in a satisfactory agreement with
laboratory results with Karlsruhe sand carried out by Vardoulakis (1980) in plane
strain compression. However, the calculated stiffness is higher before the peak than
observed in experiments.

A shear zone is formed in the middle of the layer, which is characterized by
the appearance of Cosserat rotation (Fig. 6a) and a strong increase of void ratio
(Fig. 6b). At the upper and lower boundaries of the dilatant shear zone, a strong
jump of the horizontal displacement, curvature, stresses and couple stress can be
observed. The thickness of the shear zone (as visible from the Cosserat rotation)
is about ts = 10 × d0

50 (5 mm) without grain crushing and ts = 6 × d0
50 (3 mm) with
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Fig. 7. Shearing of initially dense sand (e0 = 0.60, pv = 2000 kPa) between two very rough
boundaries with grain crushing (Eqs. 34 and 41): a) distribution of stresses σi j across the
layer height x2 before shearing, b) distribution of stresses σi j and c) distribution of couple

stress m2 across the layer height x2 after shearing at residual state at ut
1/h0 = 1
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Fig. 8. Shearing of initially dense sand (e0 = 0.60, pv = 2000 kPa) between two very rough
boundaries: A) evolution of grain diameter d50 versus shear deformation ut

1/h0 at: a) x2 = 4.75
mm (mid-point), b) x2 = 4.25 mm, c) x2 = 3.75 mm, d) x2 = 3.25 mm, e) x2 = 2.75 mm,
f) x2 = 2.25 mm, g) x2 = 1.75 mm, h) x2 = 1.25 mm, i) x2 = 0.75 mm, j) x2 = 0.25 mm
(wall), B) distribution of grain diameter d50 across the layer height x2 at residual state at

ut
1/h0 = 1

Fig. 9. Shearing of initially dense sand (e0 = 0.60, pv = 2000 kPa) between two very rough
boundaries (without grain crushing): distribution of Cosserat rotation ωc across the layer
height x2 at residual state at ut

1/h0 = 1: a) mesh with 80 quadrilateral elements of 0.5 mm
height, b) mesh with 160 quadrilateral elements of 0.25 mm height
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grain crushing. The void ratio increases in the middle of each shear zone at residual
state up to ec = 0.69. Outside the dilatant shear zone, the void ratio is about 0.54.

The distribution of stresses σ11, σ33 and σ21 and the horizontal displacement
u1 across the shear zone is strongly non-linear (Fig. 7). The stresses σ11, σ33 and
σ21 in the shear zone show parabolic distribution. The stresses σ11 and σ33 have
their minima and the stress σ21 their maxima in the middle of the shear zone. The
distribution of m2 is linear in the shear zone.

The reduction of the mean grain diameter d50 across the layer height is
non-uniform (Fig. 8B) and takes place only in a hardening regime (Fig. 8A). The
grains are continuously crushed towards the ultimate grain size in the entire shear
zone during early stage of the shearing process. They decrease during shearing up
to ut

1/h0 = 0.07 from d0
50 = 0.5 mm down to du

50 = 0.23 mm (in the shear zone) and
from d0

50 = 0.5 mm down to d50 = 0.30 mm outside the shear zone close to the
horizontal boundaries. A similar outcome concerning a non-uniform reduction of
d50 along the layer height with the maximum value in the mid-point of the shear
zone and a significantly smaller one outside the shear zone was also obtained in
laboratory experiments by Coop et al (2004).

The results of the distribution of Cosserat rotation (Fig. 9) show that the results
with 80 and 160 finite elements are similar (thus, the effect of the mesh-size on the
shear zone thickness is insignificant).

The effect of vertical pressure on the evolution of the wall friction angle and
mean grain diameter is demonstrated in initially dense sand (e0 = 0.60) with pv =
500 kPa and pv = 5000 kPa in Fig. 10. The results show that both the mean grain
diameter and peak friction angle decrease with increasing pv. The mean grain
diameter decreases during shearing up to ut

1/h0 = 0.07 from d0
50 = 0.5 mm down

to d50 ≈ du
50 = 0.26 mm in the shear zone, and equals to d50 = 0.43 – 0.50 mm

outside the shear zone close to the walls (pv = 500 kPa). At large vertical pressure
(pv = 5000 kPa), the ultimate mean grain diameter du

50 = 0.23 mm is reached across
the entire granular strip. The thickness of the shear zone with crushable grains
increases with increasing pressure and is (as visible from the Cosserat rotation)
about ts = 4 × d0

50 (2 mm) at pv = 500 kPa and ts = 10 × d0
50 (5 mm) at pv = 5000

kPa (Fig. 11).
The effect of initial void ratio is demonstrated in Figs. 12–15 (e0 = 1.0, pv = 500

kPa). The material indicates insignificant softening (Fig. 12). At the beginning,
initially loose sand is immediately subjected to strong densification due to high
compressive pressure pv (from e0 = 1.0 down to e0 = 0.72). The friction angle
at peak decreases with increasing e0 φw = 30.5◦ at peak with e0 = 1.0, Fig. 14.
The residual friction angle is φw = 30◦ (independently of initial void ratio). The
thickness of the shear zone grows with increasing e0 (from ts = 4 × d50 = 2.0 mm
with e0 = 0.6 up to ts = 12 × d50 = 6.0 mm with e0 = 1.0), Fig. 15. The mean grain
diameter decreases during shearing up to ut

1/h0 = 0.07 from d0
50 = 0.50 mm down
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Fig. 10. Shearing of initially dense sand (e0 = 0.60) between two very rough boundaries:
evolution of wall friction angle ϕw and grain diameter d50 versus shear deformation ut

1/h0
at: a) x2 = 4.75 mm (mid-point), b) x2 = 4.25 mm, c) x2 = 3.75 mm, d) x2 = 3.25 mm,

e) x2 = 2.75 mm, f) x2 = 2.25 mm, g) x2 = 1.75 mm, h) x2 = 1.25 mm, i) x2 = 0.75 mm,
j) x2 = 0.25 mm (wall) and distribution of grain diameter d50 across the layer height x2 at

residual state at ut
1/h0 = 1 A) pv = 500 kPa, B) pv = 5000 kPa
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Fig. 11. Shearing of initially dense sand (e0 = 0.60) between two very rough boundaries:
distribution of Cosserat rotation ωc and void ratio e across the layer height x2 at residual

state at ut
1/h0 = 1: a) pv = 500 kPa, b) pv = 5000 kPa

to d50 = 0.32 mm (d50 > du
50) in the shear zone. It does not vary outside the shear

zone at the wall (Fig. 14). Thus, the reduction of the grain diameter is lower in
initially loose sand. The stress tensor is slightly non-symmetric in initially loose
sand (Fig. 13). The distribution of stresses across the layer is also slightly non-linear
there (Fig. 13).

Table 1 summarizes the results of the shear zone thickness from FE calculations
(as the function of e0 and pv).

Table 1. The results of the thickness of the shear zone from FE calculations (d0
50 – initial

mean grain diameter)

Initial void ratio Vertical pressure Vertical pressure Vertical pressure

e0 pv = 500 kPa pv = 2000 kPa pv = 5000 kPa

0.60 2 mm
(
4 × d0

50

)
3 mm

(
6 × d0

50

)
5 mm

(
10 × d0

50

)
1.00 6 mm

(
12 × d0

50

)
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Fig. 12. Shearing of initially loose sand (e0 = 1.0, pv = 500 kPa) between two very rough
boundaries: evolution of stresses at the mid-point versus shear deformation ut

1/h0

Fig. 13. Shearing of initially loose sand (e0 = 1.0, pv = 500 kPa) between two very rough
boundaries with grain crushing: distribution of stresses σi j and couple stress m2 across the

layer height x2 at residual state at ut
1/h0 = 1
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Fig. 14. Shearing of initially loose sand (e0 = 1.0, pv = 500 kPa) between two very rough
boundaries: evolution of wall friction angle ϕw and grain diameter d50 versus shear deforma-
tion ut

1/h0 at: a) x2 = 4.75 mm (mid-point), b) x2 = 4.25 mm, c) x2 = 3.75 mm, d) x2 = 3.25
mm, e) x2 = 2.75 mm, f) x2 = 2.25 mm, g) x2 = 1.75 mm, h) x2 = 1.25 mm, i) x2 = 0.75
mm, j) x2 = 0.25 mm (wall) and distribution of grain diameter d50 across the layer height

x2 at residual state at ut
1/h0 = 1
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Fig. 15. Shearing of initially loose sand (pv = 500 kPa) between two very rough boundaries:
distribution of Cosserat rotation ωc and void ratio e across the layer height x2 at residual

state at ut
1/h0 = 1: a) e0 = 0.60, b) e0 = 1.0

6. Conclusions

In the paper, the effect of grain crushing on the sand behaviour in the narrow
granular strip during shearing under constant vertical pressure was numerically
investigated. The results were qualitatively in agreement with experiments.

The numerical results show that the degree of particle breakage affects the sand
behaviour after the peak only. The thickness of the shear zone significantly decreases
with grain crushing. In turn, the mobilized residual shear resistance decreases in-
significantly. The mean grain diameter decreases more strongly in the shear zone
than outside it, and more strongly in initially loose sand than in initially dense sand.
The thickness of the shear zone inside of a granular strip increases with increasing
initial void ratio. In initially dense sand, it increases with increasing pressure.

The next research will be focused on taking into account grain crushing within
micro-polar hypoplasticity only (by modification of a grain diameter change simi-
larly to a change of void ratios by Eqs. 57–59). The initial grain diameter will be
stochastically distributed using a spatially correlated random field (Tejchman and
Górski 2008).
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Appendix

The constitutive relationship between the rate of stress, the rate of couple stress,
the strain rate and the curvature rate can be generally expressed by the following
two equations (Tejchman and Gudehus 2001, Tejchman 2004, Tejchman and Wu
2007):

◦
σi j = Fi j(e, σkl,mi, dc

kl, ki, d50), (42)

◦
mi = Gi(e, σkl,mi, dc

kl, ki, d50). (43)

The Jaumann stress rate and Jaumann couple stress rate therein are defined by

◦
σi j =

•
σi j − wikσk j + σikwk j (44)

and

◦
mi =

•
mi − 0.5wikmk + 0.5mkwki. (45)

The functions Fi j and Gi in Eqs. 37 and 38 represent isotropic tensor-valued
functions of their arguments; σi j is the Cauchy stress tensor, mi is the couple stress
vector, e denotes the current void ratio, dc

kl is the polar strain rate and ki denotes
the rate of curvature vector:

dc
i j = di j + wi j − w

c
i j , and ki = w

c
,i. (46)

The rate of deformation tensor di j and the spin tensor wi j are related to the
velocity vi as follows:

di j =
vi, j + v j,i

2
, wi j =

vi, j − v j,i

2
, (),i =

∂()
∂xi

. (47)

The rate of Cosserat rotation wc is defined by

wc
21 = −w

c
12 = w

c and wc
kk = 0. (48)

For moderate pressures, the grains can be assumed to be isochoric. In this case,
the change of void ratio depends only on the strain rate via

•
e = (1 + e)dkk . (49)

For the numerical calculations, the following micro-polar hypoplastic constitu-
tive equations are employed

◦
σi j = fs

[
i j

(
∧
σkl,

∧
mk , dc

kl, kkd50

)
+ fdNi j

(
∧
σi j

) √
dc

kld
c
kl + kkkkd2

50

]
(50)
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and

◦
mi

d50
= fs

[
c
i

(
∧
σkl,

∧
mk , dc

kl, kkd50

)
+ fdNc

i

(
∧
mi

) √
dc

kld
c
kl + kkkkd2

50

]
, (51)

wherein the normalized stress tensor
∧
σi j is defined by

∧
σi j =

σi j

σkk
(52)

and the normalized couple stress vector
∧
mi is defined by

∧
mi =

mi

σkkd50
, (53)

wherein d50 is the mean grain diameter. The scalar factors fs = fs(e, σkk) and fd =
fd(e, σkk) in Eqs. 50 and 51 describe the influence of density and stress level on
the incremental stiffness. The factor fs depends on the granulate hardness hs, the
mean stress σkk , the maximum void ratio ei and the current void ratio e by:

fs =
hs

nhi

(
1 + ei

ei

) (ei

e

)β (
−
σkk

hs

)1−n

(54)

with

hi =
1
c2

1

+
1
3
−

(
ei0 − ed0

ec0 − ed0

)α 1

c1
√

3
. (55)

In the above equations, the granulate hardness hs represents a reference pressure,
the coefficients α and β express the dependence on density and pressure respec-
tively, and n denotes the compression coefficient. The multiplier fd represents the
dependence on a relative void ratio via:

fd =
(

e − ed

ec − ed

)α
. (56)

The relative void ratio in the above expression involves the void ratio in critical
state ec, the minimum void ratio ed (the densest packing) and the maximum void
ratio ei (the loosest packing). In a critical state, a granular material experiences
continuous deformation while the void ratio remains unchanged. The current void
ratio e is bounded by the two extreme void ratios ei and ed . Based on experimental
observations, the void ratios ei, ed and ec are assumed to depend on the pressure
σkk (Bauer 1996):

ei = ei0 exp
[
−

(
−
σkk

hs

)n]
, (57)
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ed = ed0 exp
[
−

(
−
σkk

hs

)n]
, (58)

ec = ec0 exp
[
−

(
−
σkk

hs

)n]
, (59)

wherein ei0, ed0 and ec0 are the values of ei, ed and ec at σkk = 0, respectively. For
the functions Li j ,Ni j , Lc

i and Nc
i , the following specific expressions are used:

Li j = a2
1d

c
i j +

∧
σi j

(
∧
σkldc

kl +
∧
mkkkd50

)
, (60)

Lc
i = a2

1kid50 + a2
1
∧
mi

(
∧
σkldc

kl +
∧
mkkkd50

)
, (61)

Ni j = a1

(
∧
σi j +

∧

σ∗i j

)
, (62)

Nc
i = a2

1ac
∧
mi, (63)

where

a−1
1 = c1 + c2

√
∧

σ∗kl

∧

σ∗lk[1 + cos(3θ)], (64)

cos(3θ) = −

√
6[

∧

σ∗pq

∧

σ∗pq

]1.5

(
∧

σ∗kl

∧

σ∗lm
∧

σ∗mk

)
(65)

with

c1 =

√
3
8

(3 − sin φc)
sin φc

, c2 =
3
8

(3 + sin φc)
sin φc

. (66)

The parameter a1 is the deviatoric part of the normalized stress in critical states
(Bauer 1996), φc is the friction angle in critical states, the parameter θ denotes the

Lode angle in the deviatoric plane at
∧
σii = 1, and

∧

σ∗i j denotes the deviatoric part

of
∧
σi j .
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