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Abstract

In the paper a quasi-analytical formula for moisture increase along the wetting front
during infiltration into a soil column is presented. Based on the formula, the moisture
distribution along the column of six soils available in the literature was calculated.
Then their verification was carried out using empirical data and the results obtained
from other type models. The impact on the front shape of such factors as recharge
rate, initial moisture content and direction of seepage against the vertical was checked.
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1. Introduction

The increase of moisture content along the wetting front after long term imbib-
ition is abrupt: moisture increases rapidly, mainly in the initial phase of wetting,
when the soil is still comparatively dry (Olajossy, Siemek, Stopa 1990). What is
more important in this phase of imbibition, is that the wetting profile undergoes
practically no change during its movement in the column (Braester 1973). It can
be assumed that in a certain system of coordinates connected with the front face,
the shape of the moisture profile on the wetting front is approximately constant.
The front face here is taken as a point where the increase of moisture is the
highest.

Notation
c — differential water capacity [m~!],
hy - capillary head [m],
h — height of soil column [m],
hy — suction head [m],

H — hydraulic head [m],
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capillary conductivity [m/s],

hydraulic conductivity (for full saturation) [m/s],
power index [-],

porosity coefficient [m?/m?],

water pressure in soil pores [N/m?],

hydraulic slope [-],

time [s],

seepage velocity [m/s],

velocity of wetting front passage [m/s],

volume of water in the soil [m%/m?],

recharge rate of soil column [m/s],

initial flow rate in soil column [m/s],

orthogonal coordinates [m],

finite increase of column length [m],

x coordinate of nod i of discrete net [m],

specific weight of water [N/m?],

angle between flow direction and vertical [rad],

soil moisture content [m*/m?],

finite increase of moisture content [m3/m?],

soil moisture content in nod i of discrete net [m3/m3],
maximum moisture content behind wetting front [m?/m?],
soil moisture content at full saturation [m*/m?],
initial moisture content before wetting front [m*/m?],

residual moisture content corresponding to the minimum con-
ductivity of soil [m*/m?].

2. Velocity of the Wetting Front

The velocity of front movement can be calculated from water balance. For as-
sumption that the axis x is consistent with the direction of seepage in the column,
the volume of water in the soil down to a certain depth & can be described as

V=L%m. 1)

This quantity constantly increases with a speed w — wy arising from a recharge
balance, and at the same time the front shifts down with velocity v = dx /dt. So
the increase of water volume is equal to
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dv _ d 0 04 Bmax g
T = Gy 0dx = [y Grdx = [y G0 = ®
= (Omax — 6p) vf = w — wy.
From this equation one can get a formula for the front velocity:
w—uwp
vfp = — e
S —- €)

It follows from relationship (3) that the lower is the change of the moisture
content after front passage the higher is the velocity vs. The value of 8max depends
on the recharge rate and corresponds to the moisture content for the capillary
conductivity equal to the recharge (Bouwer 1976, Bouwer 1978, Braester 1973):

k(Omax) = w. (4)

The recharge rate higher than the value of hydraulic conductivity results in
the full saturation of the soil behind the wetting front, max = 6.

3. Analytical Description of Wetting Front

For one-dimensional movement the continuity equation can be written in the
form:

dv 96
ax ot ®)
Assuming the constant shape of wetting front one can conduct the following
analysis: the moisture gradient at a chosen point is equal to d6/dx; after time dt
the front will move down by a distance of vy dt, while the moisture at the initial
point will increase by the value d@ also described by the invariable front shape
(Fig. 1). This results in the following relation between derivatives:

a0 a0

S e 6
ot = Tox ©)
Inserting relationship (6) into equation (5) one can obtain the formula:
a8 ov
B = ()

Integration of both sides of this relation along the column length from its
surface to arbitrary section x and for superficial seepage velocity v(x = 0) = w,

gives:
0 v 0 a6 w Omax
—dx=vf —dx=>/ dv=vf do =
fx ox )i ax A 7 Jo (8)

= w — v =Vf (Onax — 0).
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Fig. 1. Scheme of movement for invariable shape front

Inserting equation (3) one can determine the seepage velocity at an arbitrary
point as a function of local moisture content:

v=w|l—- — ) +wp—m—. 9
( Omax — 6o o Omax — & ( )
Darcy’s formula affords the calculation of hydraulic slope:
dH v w 6-6 wo Bmax — 0
dx "~ k(©0)  k(©)Omx—b Kk (0)Omax — 60’

The hydraulic head can be written in relation to the column direction as:

(10)

=-—z+§-:—xcos¢l-hs. (11)

After inserting this relationship into the formula for hydraulic slope the mois-
ture decrease can be calculated as follows

do _dodh _ . o dH)_
o eay— W ey

——C(Q)[ w  6—06 wo Bmax — 0
k(@) Omax —60  k(6) Bmax — 6o

(12)

— Cos qo] :
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After inserting relationships c¢(@) and k(@) the formula (12) can be integrated
along the column length and in this way the moisture profile for front can be
determined. Because the integrated function is composite, adopting the numerical
finite differences method for increases Ax and A6 is more convenient (Ksigzynski

1990):
Gip1 —6 [ [dx dx
x,-:x,-+1+ +12 [(EE) +(%) 1]. (13)
i i+

4. Data used for Model Verification

To verify the method, data for six soils available in the literature were used, for
which the shape of front moisture profile was determined. The shape was de-
termined differently for different soils: for Castor sandy clay, Grenville silt clay,
Northgouver clay and ABO/100 sand - from experiments, for Yolo light clay using
quasi-analytical method and for Rehovot sand from calculations using a discrete
diffusive model. Parameters of the moisture characteristic for these soils have
been presented elsewhere (Ksigzynski 2003), parameters of conductivity charac-
teristics can be found in Table 1. Capillary conductivity was described by the
Irmay-Averjanov formula (Averjanov 1950, Irmay 1954):

k 9 - 92 L
. . 4
ko (" - 6}z) (1 )
Table 1. Soil parameters
£ soil n 0, m k, Source of
Name of soi [%] | [%] [cm/d] | measurement data
ABO/100 40 0 | 32 199 Zaradny 1977
Rehovot sand 3871045 | 4 1150 Rubin 1963
Yolo light clay 495| 1.8 | 89 106 Philip 1957
Castor sandy clay | 42.5 | 0.8 | 6.3 22 Staple 1966
Grenville silt clay | 48 0 | 149 49 Staple 1966
Northgouver clay | 52 | 44 | 198 | 177 Staple 1966

The front profile for ABO/100 sand (Zaradny 1977) was determined experi-
mentally during capillary rise, infiltration and horizontal flow. For three clayey soils
in natural state: Castor sandy clay, Grenville silt clay and Northgouver clay (Staple
1966) simple experimental profiles for infiltration were obtained. For Yolo light
clay infiltration into vertical soil column was calculated using the quasi-analytical
method of Philip (Philip 1957). The impact of different initial moisture content
and different depths overtopping the soil surface were tested. For Rehovot sand,
calculations of infiltration inside the vertical soil column were conducted using
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the finite differences method, which resulted in the moisture profile description
for different superficial recharge rate.

5. Verification of Formula for Front Moisture Profile

The correctness of formula (12) describing analytically the shape of the front
profile was verified for four different soil types ranging from sand to clay for
which laboratory measurements of moisture distribution during infiltration into
a vertical soil column were made. Moreover, in order to be able to assess the
impact of soil type on the front profile, only infiltration under full (or nearly full)
saturation conditions was considered. Unfortunately, the recharge values in the
available data were different and even relative values w/ky changed from 1.00 to
2.16. Initial moisture contents were also different although they were all close
to the value of irreducible moisture. The results of experiments and calculations
using formula (12) are presented in Fig. 2. The points denote measurement data,
the lines representing the results of analytical calculations.
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Fig. 2. Front shape for different soils

Infiltration in the Northgouver clay was carried out for surface recharge rate
w = 49 cm/d. In consequence, a moisture content max = 49% appeared behind
the front when the full saturation was 8, = 52%. The initial moisture content
was 0y = 4.4%. The results of measurements after 210 minutes of infiltration are
presented in Fig. 2. As can be seen, the model fits the results of the experiment
exactly, though the scatter of points on the front face is considerable. For all of
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three natural soils such a wide range of measured moisture contents is typical and
is connected with material heterogeneity caused by biological factors.

Infiltration into Grenville silt clay was run for an initial moisture 8y = 3%
without surface overtopping. The moisture content behind the front was close to
the full saturation 8, = 48%. Measurement results obtained after 135-minutes
infiltration are presented. As before, the consistence between the model and ex-
periment is good.

Infiltration into Castor sandy clay was run for initial moisture 6y = 0.8%
also without overtopping. The moisture content behind the front was close to
full saturation 6, = 42.5%. The results of calculations using formula (12) show
conformity with the experiment similar to the previous one.

Infiltration into ABO/100 sand was run for initial moisture 6y = 0.5% without
superficial overtopping. The measurements were made 380 minutes after com-
mencement of infiltration. The surface moisture content stopped at the level of
36.2% for full saturation 6, = 40%. The experimental results conform well with
analytical calculations. Thanks to the good homogeneity of the soil and the result-
ing accuracy of measurements, exact analysis of visible differences was possible.
Despite similar values, the moisture gradient for an analytically designed front
decreases with the distance from the face, while in reality it is almost constant
along a certain length. The smooth increase of moisture before the front, not so
clearly visible in the model, is also apparent.

In general, it can be stated that the analytical model reflects the true run of
the wetting front quite well, which will also be confirmed further in the text on the
basis of accordance with other verified models. At the same time the analytical
formula makes a simple analysis of the reasons of formation of a given moisture
profile possible, thus enabling us to foresee the variability of shape.

6. Impact of Initial Moisture on the Front Shape

The impact of initial moisture content on the front shape was tested for Yolo
light clay for five different contents 8y = 0, 6.2, 12.41, 23.76 and 36.63%. The
moisture on the surface of the column was kept constant and close to the full
saturation value Omax = 48.21%. The shape of the front was determined after it
attained steady form. The results obtained using quasi-analytical model and ana-
lytical calculations applying formula (12) are presented in Fig. 3. For convenience
the quasi-analytical data are denoted by points, although in fact they are continu-
ous and joined together by thin dashed lines. Numbers shown in the legend mean
the value of initial moisture content.

The discrepancy of results is rather small, however, the front shape is appar-
ently more regular in the analytical model. The greatest discrepancy was obtained
for the highest initial moisture. In both models the front slope decreases identic-
ally together with the rise of the initial moisture. Also, in both cases, the highest
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Fig. 3. Impact of initial moisture on front shape

moisture increase (the front face) appears for an increasingly higher moisture
value — an increasingly visible broadening arises before the front face.

6.1. Impact of Recharge Rate on Front Shape

The analysis of the impact of the recharge on the front shape was made based on
the results obtained during discrete model simulation of infiltration into Rehovot
sand (Rubin 1963). Four different recharge rates were taken into account. Two
of them: 251.4 [em/h] (5.25 ko) and 71.82 [cm/h] (1.5 ko) ensured full saturation
of soil, while the remaining — 4.7 [cm/h] (0.098 kp) and 1.27 [cm/h] (0.027 kg) —
resulted in infiltration under unsaturated conditions. The initial moisture was g
= 0.5%. For the verification only those results were applied which were obtained
for the longest infiltration duration or for the moment of surface overtopping.
The results of discrete model simulation and analytical calculations using for-
mula (12) are presented in Fig. 4. The legend is as for the previous figure, num-
bers stand for normalized infiltration rate w/kg. The discrepancy of results for
different values of recharge is also different although not greatly. The best con-
sistency for the front shape and maximum moisture was obtained for the highest
recharge. For the rate of order of 1.5 ky the discrepancy is the highest: the in-
crease of moisture is evidently slower in the analytical model. On the other hand,
the increase of moisture content for unsaturated infiltration, appearing near the
front face, is faster for the analytical model, although the differences decrease
at greater distances. Some of the discrepancies shown and the difference in the
value of maximum saturation are the result of the low accuracy of reproducing
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the conductivity characteristic by the Irmay-Averjanov formula for Rehovot sand.
However, the correction of results with original characteristics is so small that the
author abandoned its presentation. As expected, the front slope in both models
increases together with recharge rate, which is also the reason for the moisture
gradient decreasing during development of infiltration.
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Fig. 4. Impact of a recharge rate on front shape

A similar analysis was also carried out for Yolo clay (Philip 1957) where the
front shape used for purposes of comparison was determined from quasi-analytical
computations for three different depths of water layer overtopping the surface.
This corresponded to different recharge rates under other conditions of infiltra-
tion identical to those used in previous calculations for this soil. The influence of
recharge was tested for three infiltration durations and for constant initial mois-
ture content. As previously for Yolo clay, here also the discrepancy of results was
not too high and the form of the front in analytical model was more regular.
However, since the results were evidently better and brought nothing new into
the matter, their presentation was abandoned.
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7. Impact of Seepage Direction on Front Shape

Laboratory measurements of imbibition of ABO/100 sand (Zaradny 1977) made
possible determination of the impact of seepage direction related to the vertical
on the shape of the wetting front. The experiments were conducted for infiltration
in a vertical column, for seepage into a horizontal column and for a capillary rise
in a vertical column. To make more evident the differences between the seepage
directions, early phases of the process were used for which hydraulic gradients
were considerable, approximately the same and equal to ca. 220%. Both infilt-
ration and capillary rise ran without overtopping the surface on which recharge
covering the soil sorptivity takes place. Seepage in the horizontal column happens
for the suction head on a recharge surface equal to 5 cm. The initial moisture was
89 = 0.5%. The results of measurements correspond to the process state after
350 minutes of infiltration, 250 minutes of horizontal seepage and 150 minutes
of capillary rise. In Fig. 5 the results of experiments and analytical calculations
using formula (12) where the value of angle ¢ was suitably changed, are presen-
ted. Measurement data are denoted by points and analytical results by lines in
accordance with the symbols shown in the legend.
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Fig. 5. Impact of seepage direction on front shape

As can be seen in Fig. 5, the front shape for a rise and horizontal flow are
in reality very similar. The difference related to the front of infiltration in the
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vertical column is also not too big. Under such conditions the analytical model,
in spite of good results, does not reproduce moisture values precisely enough for
them to be closer to the corresponding real curve than to another. Nevertheless,
relations and other features typical for particular processes are mapped correctly.
Despite the similar slope of the front, the differences in the shape are also visible:
the slope of modelled front decreases with distance from the face, while in reality
the slope is nearly constant along a certain length. A smooth increase of moisture
before the front is also apparent, although not so clearly visible on the model.

8. Conclusions

Based on the presented results it can be found that the proposed analytical model
reflects the real shape of the wetting front under different conditions quite well. Of
course, using it to determine the moisture content course in the soil is purposeless,
especially in the presence of efficient discrete models. However, the analytical
description of the front makes possible easy recognition of reasons of its variability
under different conditions and so to forecast the front shape for a wide range of
parameters. In particular, it is possible to state under which conditions the use of
the piston model is correct.

One can talk about the piston nature of the wetting front when very fast
increase of moisture content (with an order of reciprocal of derivative of about
1 cm or higher) occurs on the front face. Such a situation took place for all
investigated soils if low initial moisture contents occurred. The front zone, where
moisture increases to the level of, say, 95% of @, is quite narrow in sandy soils
and also in natural clayey soils, especially for high recharge. In the case of Yolo
clay, where the impact of high initial moisture values (above 10%) was tested,
evident front broadening had already taken place. It results from the analytical
model that this was caused by high values of conductivity and differential water
capacity at the level of the initial condition. On the other hand, for low initial
moisture the sharp front was formed even in the case of small recharge rate
although average moisture gradients were then much lower. As results from the
above observations, it is hard to talk about piston movement in case of recharge
increasing if its earlier value had already been quite high.

The front broadening before its face is another question. A different range of
that phenomenon is observed in various cases and its incorrect simulation with
the models happens relatively often. The reason for the errors seems to be poor
accuracy of calculations, which are based on empirical formulae of the capillary
conductivity and moisture content for low moisture values. In consequence, for
low initial moisture capillary conductivity often falls to zero, which means no water
movement while in reality a small flow still takes place. As follows from formula
(12), it is this flow that creates the front broadening before its face, as thanks to
this the hydraulic gradient and hence the gradient of moisture are relatively low.



328 K. W. Ksiazyfiski

A similar event happened only for the ABO/100 sand where the front broadening
for low moisture was evident (Fig. 2), although its range is smaller than in reality,
which results from conductivity underestimated by the Irmay-Averjanov formula.
For higher initial moisture contents empirical formulae follow soil characteristics
more precisely and the broadening can be modelled better (Fig. 3).
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